The membrane paradigm of black hole is studied in the Chern-Simons modified gravity. Derived with the action principle a la Parikh-Wilczek, the stress tensor of membrane manifests a rich structure arising from the Chern-Simons term. The membrane stress tensor, if related to the bulk stress tensor in a special form, obeys the low-dimensional fluid continuity equation and the Navier-Stokes equation. This paradigm is applied to spherically symmetric static geometries, and in particular, the Schwarzschild black hole, which is a solution of a large class of dynamical ChernSimons gravity.
This article is outlined as follows. In section II, we will set up the general formalism for membrane paradigm in Chern-Simons gravity, including the membrane stress tensor from action principle, the relation between membrane and bulk stress tensors, and fluid equations. In section III, restricted to spherical static spacetimes, we decompose the Riemann tensor and extrinsic curvature tensor with no more than eight parameters, and put our general set-up in a concrete form. In subsection III A, we exactly prove the relation between membrane stress tensor and the bulk stress tensor, which is necessary for the derivation of fluid equations. The fluid quantities are worked out in subsection III B, where we find the Hall viscosity and momentum density are nonzero, even though the Háiček field vanishes. The Schwarzschild spacetime is studied as a specific example in subsection III C. In section IV, we will present some outlooks for future investigation along this line.
II. MEMBRANE PARADIGM IN CHERN-SIMONS MODIFIED GRAVITY A. Geometric notations and conventions
In this section, we will begin with the geometric set-up which is very helpful for understanding the membrane paradigm. Recently these notations and conventions have been widely utilized in the black hole membrane paradigm in Einstein, f (R), Gauss-Bonnet and Love-Lock gravity theories [6, [11] [12] [13] . They should be equally useful for exploring the same paradigm in the Chern-Simons modified gravity.
The black hole event horizon, H, is a 3-dimensional null hypersurface with a null geodesic generator l a . At the event horizon, the geodesic equation is l a ∇ a l b = g H l b , in which g H is a nonaffine coefficient. In a stationary spacetime, l a is the null limit of the timelike Killing vector and g H can be regarded as the surface gravity at the horizon [11] . We can construct the membrane paradigm on the event horizon, but it is more convenient to formulate a timelike stretched horizon, which is outside H and very close to it. The stretched horizon has a natural advantage that the metric is nondegenerate thereon. The stretched horizon, notated by S, is generated by the timelike congruence u a and has a spacelike normal vector n a . Vectors u a and n a are orthogonal to each other and normalized to unity n a u a = 0, n a n a = 1, u a u a = −1.
The nondegenerate metric of the stretched horizon is given by
There is a 2-dimensional spacelike cross section normal to u a with the metric
Then we can define the extrinsic curvature of stretched horizon as
In the membrane paradigm, we introduce a parameter α. When α → 0, the stretched horizon will tend to the event horizon, and αu a → l a , αn a → l a . At the same time, the components of K ab become
where k AB is the extrinsic curvature of the 2-dimensional spacelike section of the event horizon,
Here L l is the Lie derivative along l a . It proves convenient to decompose k AB into a traceless part and a trace,
where σ AB is the shear of l a . Any traceless symmetric 2-dimensional tensor has two degrees of freedom and thus can be decomposed by σ AB and
Our conventions forσ AB is in accordance with references [20, 21] . Throughout this paper, we will restrict to stationary spacetime with vanishing vorticity, namely n a ∇ a n b = 0,
In this case, the limit α → 0 gives [22] 
where the Háiček field
B. Membrane stress tensor from action principle
We will construct the membrane paradigm in Chern-Simons modified gravity in a (3 + 1)-dimensional spacetime. When deriving the Euler-Lagrange equations at the event horizon, the action outside the horizon S out is not stationary unless we add a surface term S surf . Therefore, the total action should be split as
Here S surf is the surface term, which represents the contribution of the stretched horizon. It satisfies δS out + δS surf = 0. Without taking S surf into account, we cannot get the correct gravitational equations outside the horizon. In reference [6] , it was noted for the first time that the contribution of the surface term can be encoded to the energy-momentum tensor of the (2 + 1)-dimensional fluid on the stretched horizon. Explicitly, the variation of the surface term is related to the (2 + 1)-dimensional energy-momentum tensor t bd by
The action of Chern-Simons modified gravity comprises the Einstein-Hilbert action and the Chern-Simons term. Incorporating boundary terms at spatial infinity, we can write down the action outside the event horizon as [23] 
where S GHY + S bCS , given by the next-to-last line, is the appropriate generalization of the Gibbons-Hawking term at infinity [24, 25] . For a variational principle to work in asymptotically flat spacetimes, other local counter terms may be necessary [26] . These counter terms, denoted by S F here, are put to the last line. In the Chern-Simons term S CS , the Chern-Pontryagin density is defined by
The membrane paradigm in Einstein gravity is well-established. We will extend it to Chern-Simons modified gravity. For this purpose, we should calculate the (2+1)-dimensional energy-momentum tensor t bd according to equation (13) . In the literature, this is always done in a circumbendibus, workable even if one does not know the explicit form of surface terms at the horizon and boundary terms at infinity. The point is that, on the stretched horizon, the boundary terms at infinity get irrelevant, and we can trade δS surf to δS out by δS out + δS surf = 0. Along this logic, it is enough here to calculate δS EH + δS CS . In reference [6] , the variation of S EH has been worked out already, yielding the partial result
Therefore, in this section, we will focus on δS CS , and combine t bd EH with t bd CS in the end. Because we do not care about the terms that are not total derivatives, or boundary terms that vanish on the stretched horizon, we use ≃ to denote equivalence up to these terms. In this notation, with the help of identities
we can get
Choosing n a to be outward-pointing, we can use the Gauss theorem to obtain
The first term in the second line vanishes for the following reason. According to the Gauss theorem, this term can be put into a 2-dimensional integral on the boundary ∂S of stretched horizon. Since the stretched horizon has no boundary, this term vanishes. For brevity, we have introduced the notation
wheret bd is symmetric with respect to indices b and d. In the last line of equation (19), we have made use of n d h bd = 0 and n d δh bd = −h bd δn d = 0 on the stretched horizon.
Comparing the above expression of δS CS with
we find
Combined with equation (16), it gives the total stress tensor of the (2 + 1)-dimensional fluid on the stretched horizon
C. Membrane fluid equations
From the Gauss-Codazzi equations [27] , it is possible to prove that the membrane stress tensor satisfies 8πGt
where |d is the 3-covariant derivative with respect to the metric h bd . Together with the Einstein equation R bd − g bd R/2 = 8πGT bd , it leads to a relation between the membrane stress tensor and bulk stress tensor [6] ,
This relation will be dubbed membrane-bulk relation in our paper, and it plays a central role in deriving the fluid equations in the membrane paradigm. Unfortunately, it is very difficult to prove a membrane-bulk relation of the same form in Chern-Simons modified gravity generally, but this can be done for some specific background geometries, e.g., the spherical static spacetime in the next section. On the other hand, because t bd n d = 0, we can decompose the above stress tensor to a form like a viscous fluid with a Hall viscosity term [20, 21] ,
Here we have inserted the renormalization parameter α, hence ρ, p, σ AB , θ,σ AB and π A correspond to fluid quantities on the event horizon, although t bd is the fluid stress tensor on the stretched horizon.
Combining (25) and (26), and taking the limit α → 0, we will get the (2 + 1)-dimensional fluid continuity equation and the Navier-Stokes equation [14, 27, 28] ,
where ||A is the 2-covariant derivative with respect to the metric γ AB .
2 Naively, one might have takent bd CS as the membrane stress tensor. But it is provable thatt bd CS n d = 0, thus t bd CS cannot be decomposed as equation (26).
III. APPLICATION TO SPHERICAL STATIC SPACETIME
Without loss of generality, we can use two functions f 1 (r) and f 2 (r) to write down the metric of spherically symmetric static spacetime
If there is a membrane paradigm for this spacetime, the spacelike normal vector and the timelike generator of the stretched horizon will take the form
One may readily check that the Háiček field vanishes Ω A = 0 in this situation. According to the definition of the 3-dimensional extrinsic curvature, we get the nonvanishing components
in which ′ indicates the derivative with respect to r. We can also find that
Starting from equation (29), we can get all terms of the Riemann tensor as below, 
These results seem to be formidably clumsy for proceeding to build the membrane paradigm, including fluid quantities and fluid equations. Fortunately, this can be accomplished at the background level and has the potential to be extended perturbatively 3 . The key observation is that the above expressions of K ab , ∇ a u b and R ab ef appear in the elegant form
in which
It is worthwhile to note that λ 2 + λ 3 = 0, which is in accordance with the normal condition n a K ab = 0. Now it is possible to compute the stress tensor (23) . In preparation, we work out the following equalities:
Substituting them into equations (20) and (22), we can get
and consequently
Moreover, remembering that λ 2 + λ 3 = 0, we can obtain the Einstein-Hilbert part of the stress tensor t
As a result, the full expression of the membrane stress tensor is
This result is much more tamable than equation (23) . With it in hand, we can proceed to put the membrane paradigm in a concrete form.
A. Membrane-bulk relation
The membrane-bulk relation (25) is crucial for the derivation of membrane fluid equations. In this subsection, we will prove that the stress tensor (43) can satisfy this equation.
In the Chern-Simons modified gravity, the gravitational field equation can be written as
The symmetric, traceless Cotton tensor C ab is defined by [23] 
Keeping in mind that n b h ba = 0, to satisfy the membrane-bulk relation (25), we just need to prove 8πGt
From equation (41), we can get
In the last step, we have employed equations (34) and the antisymmetry of ǫ abcd . Note that ∇ j ∇ a (λ 5 θ CS ) is symmetric with respect to indices j and a, hence we can further get
As shown in appendix A, it is possible to demonstrate that
From (48) with (49), it is trivial to read
Combined with equation (24), this completes the proof of equation (46) and hence the membrane-bulk relation.
B. Fluid quantities
From equation (43), one can check that
According to equation (26), we thus have
In order to fulfill the limit (5), at the background level we should impose the following conditions [14] :
The appearance of antisymmetric tensor ǫ abcd in t bd CS is remarkable. It implies that the ChernSimons correction does not change the shear viscosity η but induces the Hall viscosityη.
As a result, the fluid quantities on the event horizon are
Momentum density :
Shear viscosity : η = 1 16πG ,
Because σ AB = 0, by definition (8) we getσ AB = 0. It is then impossible to extractη from the projectionσ bd t bd = −2α −1ησ ABσ AB . Instead, by brute force we expand the stress tensor (23) in the limit (10) , and pick out terms proportional toσ bd and henceη from the coefficient. The calculation is tedious. Here we write down the final result.
Hall viscosity :η = 1 16πG
In the above, g H is the surface gravity at the event horizon. K is the Gaussian curvature of the 2-dimensional spacelike section of the event horizon. In terms of K, the 2-dimensional Riemann tensor can be expressed as
. A careful comparison of our result with [20] and the details of calculation will be reported in a successive article [22] .
It is interesting to compare this result with the membrane paradigm in Einstein gravity. Besides the Hall viscosity, they are also different in the momentum density. In the Einstein theory, the momentum density is zero on the stretched horizon in spherically symmetric spacetimes. In the Chern-Simons modified gravity, the momentum density could be nonvanishing if the Chern-Simons scalar θ CS is nonconstant. In fact, under the convention ǫ trϑϕ = √ −g, the nonzero components are
In the next subsection, we will consider a specific example with π A = 0.
C. Example: Schwarzschild black hole
In reference [17] , it has been verified that the Schwarzschild line element
is always a solution of the Chern-Simons modified gravity if the scalar is of the form
Accordingly the spacelike normal vector and the timelike generator of the stretched horizon take the form
the renormalization parameter becomes
and the nonvanishing components of K ab , ∇ a u b and R ab ef are given by 
In other words, λ i 's in equations (34) are
For the choice of θ CS given in equation (58), we can get the membrane stress tensor
as well as the expansion, energy density, fluid pressure and momentum density
while other quantities are zero or nonzero constants given by (54). As has done in reference [14] , one can take l a ∂ a = (∂ t + f ∂ r )/2 and check that fluid equations (27) and (28) are satisfied to the leading order in the limit α → 0, even though the momentum density π A is nonvanishing now. The nonvanishness of π A is counterintuitive, because the Háiček field Ω A = 0 for Schwarzschild metric. A full investigation of this behavior in the dynamical Chern-Simons gravity is desired. To avoid distraction, we leave it for future investigation.
In the present example, the Hall viscosity can be rearranged as
in which K = 1/r 2 and g H = GM/r 2 . This expression indicates that the Hall viscosity is divergent unless θ CS ∼ O(α 2 ) as α → 0. For this reason, we take condition (58) into account and make the ansatz θ CS = F (t, r)α 2 , where F (t, r) is finite in the limit α → 0. Under this ansatz, the leading order contributions to Hall viscosity arẽ
As a concrete example, if we set F = r 2 , namely θ CS = r 2 − 2GMr, this will yieldη = 1/(32πG). In reference [20] , the Hall viscosity has been evaluated in Chern-Simons gravity in a different method for a different background spacetime 4 . Their result corresponds to our third term of (65), which is apparently negligible compared with other terms. A careful comparison will be made in a successive paper [22] .
IV. OUTLOOK
In this paper, we have studied the membrane paradigm for black holes in the ChernSimons modified gravity. We tried our best to keep up the details. For instance, relation (25) is crucial for the derivation of membrane fluid equations, so we scrutinized this relation carefully in the Chern-Simons gravity theory. Clearly, the membrane paradigm can be established reliably in this theory, at least for the spherical static case.
To our surprise, although the Háiček field vanishes in the spherically static spacetime, the fluid momentum density on the membrane is nonzero if the dynamical field θ CS varies with angular coordinates (ϑ, ϕ). This suggests that the fluid dynamics of membrane is closely related to the dynamics of scalar field θ CS . To clarify this relation, more investigation should be done in the future by taking the potential of θ CS into consideration.
Another or perhaps a more interesting result is about the Hall viscosity. Our result (65) is much more complicated than that of reference [20] , probably because we are studying a different spacetime. Since the calculation is too tedious, we will present the details and a careful comparison in a successive paper [22] .
In this paper, we have focused mainly on asymptotically flat spacetimes. For the case with a nonvanishing cosmological constant, this paradigm has been considered very recently in various dimensions by references [29, 30] in the context of the AdS/CFT correspondence.
